Abstract. We construct monomial ideals with the property that their depth function has any given number of strict local maxima.
In recent years there have been several publications concerning the stable set of prime ideals of a monomial ideal, see for example [4] , [6] , [13] and [12] . It is known by Brodmann [2] that for any graded ideal I in the polynomial ring S (or any proper ideal I in a local ring) there exists an integer k 0 such that Ass(I k ) = Ass(I k+1 ) for k ≥ k 0 . The smallest integer k 0 with this property is called the index of stability of I and Ass(I k 0 ) is called the set of stable prime ideals of I. A prime ideal P ∈ k≥1 Ass(I k ) is said to be persistent with respect to I if whenever P ∈ Ass(I k ) then P ∈ Ass(I k+1 ), and the ideal I is said to satisfy the persistence property if all prime ideals P ∈ k≥1 Ass(I k ) are persistent.
It is an open question (see [7] and [15, Question 3 .28]) whether any squarefree monomial ideal satisfies the persistence property.
We call the numerical function f (k) = depth(S/I k ) the depth function of I. It is easy to see that a monomial ideal I satisfies the persistence property if all monomial localizations of I have a non-increasing depth function. In view of the above mentioned open question it is natural to ask whether all squarefree monomial ideals have non-increasing depth functions. The situation for non-squarefree monomial ideals is completely different. Indeed, in [10, Theorem 4.1] it is shown that for any non-decreasing numerical function f , which is eventually constant, there exists a monomial ideal I such that f (k) = depth(S/I k ) for all k. Note that a similar result for non-increasing depth functions is not known, even it is expected that all squarefree monomial ideals have non-increasing depth functions. In general the depth function of a monomial ideal does not need to be monotone. Examples of monomial ideals with non-monotone depth function are given in [14, Example 4 .18] and [10] . The question arises which numerical functions are depth functions of monomial ideals. Since depth(S/I k ) is constant for all k ≫ 0 (see [1] ), any depth functions is eventually constant. So the most wild conjecture one could make is that any numerical function which is eventually constant is indeed the depth function of a monomial ideal. In support of this conjecture we show in our theorem that for any given number n there exists a monomial ideal whose depth function has precisely n strict local maxima. The price that we have to pay to obtain such examples is that the number of variables needed to define our monomial ideal with n strict local maxima is relatively large, namely 2n + 4. For this class of examples the depth function is constant beyond the number of variables. In all other examples known to us, in particular those discussed in [10] , this is also the case. Thus we are tempted to conjecture that for any monomial ideal I in a polynomial ring in n variables depth(I k ) is constant for k ≥ n. In the following theorem we present the monomial ideals admitting a depth function as announced in the tile of the paper.
Clearly
One easily see that
In other words, u ∈ I k : m. Now, we wish to prove that u ∈ I k . Since neither c nor d divides u, it is enough to show that u ∈Ī k , wherē
Let ρ denote the number of integers 1 ≤ j ≤ k with u j ∈ N . Since w divides u, one has deg a (w) ≤ 4t and deg b (w) ≤ 4t. 
We first show that for k ≥ 2, the factor module (I k : (c, d))/I k is generated by the residue classes of the elements of set
Observe that the minimal set of generators of J 2 only consists of monomials in a and b. Therefore, the only monomials in I k which are divisible by c or d are the generators of JL k−1 . It follows that the generators of I k : (c, d) which do not belong to I k are the monomials of the form
We may assume that i = 1 and j = 2. Then
and
Note that u + I k is annihilated by a, b, c, d and all variables in Z u and all monomials in W u . Indeed, it is obvious that a, b, c, d and all monomials in W u , annihilate u+I k . Now let x ℓ ∈ Z u , we show that ux ℓ ∈ I k . We can assume that
Similarly for y s ∈ Z u , we show that uy s ∈ I k . It follows from this observation that (I k : (c, d))/I k is generated as K-module by the residue classes of monomials uvw where u ∈ S k , v is a monomial in the variables x i and y j belonging to V u = supp(u) \ Z u and w is a monomial in the variables not belonging to the support of u and not divisible by a monomial in W u .
Fix u = a 4 b 4 v 1 · · · v k−1 ∈ S k and let m = uvw be a generator of (I k : (c, d))/I k as described in the preceding paragraph. Then v is a monomial with deg x i (u) = deg y j (u) = 2 for each x i , y j ∈ supp(v). After relabeling of the variables we may assume that supp(u) = {a, b, x 1 , y 1 , . . . , x t , y t }. Then
with h j ≥ 2 and g ℓ ≥ 2, and k − 1 = r + t. Indeed we may assume that w 1 = a 4 x j y
Now as we know that s = k − 1, it follows that w k divides a 4 b 4 w. This is a contradiction, since w k ∈ G(J). Thus the proof of ( * ) is completed.
From claim ( * ) it follow that depth(S/I k ) > 0 for even k. Indeed suppose that depth(S/I k ) = 0. Then
, it follows that there exists a monomial m = uvw ∈ I k : m of the form as described before. Now since k is even and k ≤ 2n and v i = v j for i = j, the set V u = ∅. It follows that mv
In the next step we show that depth(S/I k ) ≤ 1 (and hence depth(S/I k ) = 1) for even k with k ≤ 2n. Indeed, we claim that P = (a, b, c, d, x 1 , y 1 , . . . , x n−1 , y n−1 , x n ) belongs to Ass(I k ) for even k with k ≤ 2n. Then, since
, the required inequality follows.
To show this we note that P ∈ Ass(I k ) if and only if depth(S(P )/I(P ) k ) = 0, see for example [12, Lemma 2.3] . Here S(P ) is the polynomial ring in the variables which generate P and I(P ) is obtained from I by the substitution y n → 1.
In our case I(P ) is generated by LetS = K[a, b, x 1 , y 1 , . . . , x n , y n ] and
where n is the graded maximal ideal ofS. The claim implies that depth(S/I k /(c, d)S/I k ) = 0 for all k ≥ 2. In particular it follows that depth(S/I k ) = 2 for all k > 2n + 1, as desired.
To prove the claim we notice that aw is divisible by (a 6 )(b 
